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INTRODUCTION 
Let X be a Banach space and let U be a closed linear operator with 
domain D( 17) and range R(U) in X. The abstract Cauchy problem, denoted 
by ACP, for U is stated as follows. Given x E X, find a solution u( .; x) to 
the initial value problem 
(d/dr) u( t; x) = Uu( t; x) for ta0 and ~(0; x) = x, (ACP; U, x) 
where by a solution u( .; x) we mean that u( .; x) E C’( [0, co); X), 
u(t; x) E D(U) for t 2 0, and (ACP; U, x) is satisfied. It is well known that 
the ACP is closely related to semigroup theory and covers a number of 
problems of interest to the applications (see [S, 6,9, 141). 
Recently Davies and Pang [2] introduced exponentially bounded 
C-semigroups and studied their connection with the ACP. Other relating 
results are in Tanaka [ll]. Later deLaubenfels [3] investigated C-semi- 
groups that may not be exponentially bounded and their connection with 
the ACP. Roughly speaking, the results in [2, 3, 111 are as follows: 
(I) [2, Theorems 9 and 14; 11, Theorems 3.1 and 3.21 Suppose that 
R(C) is dense in X. If A is the generator or the complete infinitesimal 
generator of an exponentially bounded C-semigroup, then the ACP for A 
has a unique solution for every initial value XE C(D(A)). Conversely, if 
A is a closed linear operator which commutes with C and if the ACP 
for A has a unique solution u( .; X) such that jlu(t; x)ll <Me”’ IIC-‘xll for 
every initial value x E C(D(A)), then A generates an exponentially bounded 
C-semigroup, under some additional conditions on A. 
(II) [3, Sect. IV] If A is the generator of a C-semigroup, then the 
ACP for A has a unique solution for every initial value XE C(D(A)). 
Conversely, if A is a closed linear operator, with nonempty resolvent set, 
which commutes with C, and if the ACP for A has a unique solution 
196 
0022-247X/92 $5.00 
Copyright G 1992 by Academic Press, Inc. 
All rights of reproduction m any form rcwved. 
C-SEMIGROUPSANDTHECAUCHYPROBLEM 197 
for every initial value x E C(D(A)), then an extension of A generates a 
C-semigroup. 
In this paper we investigate a certain relationship between C-semigroups 
and the associated ACP. It is different from (I) and (II) above in that the 
initial values in the ACP for A are taken from a larger range than C(D(A)). 
In fact, it is shown that if A is the generator of an exponentially bounded 
C-semigroup {s(t); t B 0} with IIs < Me”’ and 2 > a then the ACP for 
A has a unique solution for every initial value x E (A- A) - ’ C(X) 
(Corollary 1.3). In this case, we see that C(D(A))c (1-A))’ C(X) and 
that C(D(A))= (1-A))’ C(X) if and only if AE~(A) (the resolvent set of 
A) (Proposition 1.4). Thus our results (Corollaries 1.3 and 1.5) improve [2, 
Theorem 9; 11, Theorem 3.11. Conversely, if A is a closed linear operator 
such that D((n - A) -‘) 3 R(C) for some real number 2 and A commutes 
with C, and if the ACP for A has a unique solution for every initial value 
XE (A- A)-’ C(X) then C-‘AC is the generator of a C-semigroup 
(Theorem 2.1). In particular, a closed linear operator A with p(A) # 0 is 
the generator of a C-semigroup if and only if A commutes with C and the 
ACP for A has a unique solution for every initial value x E C(D(A)) 
(Corollary 2.2). This improves [3, Theorem 4.31, and in the case where C 
is the identity operator on X, this is the Arendt theorem [l, Corollary 1.21 
that a closed linear operator A is the infinitesimal generator of a semigroup 
of class (C,) if and only if p(A) # Qr and the ACP for A has a unique solu- 
tion for every x E D(A). (See the Remark after the proof of Corollary 2.2.) 
We characterize also the generator of an exponentially bounded C-semi- 
group, and then the generator of an n-times integrated semigroup, in terms 
of the ACP. 
In Section 1 we investigate some properties of the generator of a C-semi- 
group and the unique existence of a solution to the ACP for the generator 
of an exponentially bounded C-semigroup. Section 2 treats a characteriza- 
tion of the generator of a C-semigroup that may not be exponentially 
bounded, where R(C) may not be dense in X (and so the domain of the 
generator may not be dense in X), in terms of the ACP. 
1. C-SEMIGROUPS 
Let X be a Banach space and let B(X) be the set of all bounded linear 
operators from X into itself. 
Throughout this paper, let C E B(X) be injective. A family {s(t); t > 0} in 
B(X) is called a C-semigroup, if 
(A.l) s(t+~)c=S(t)S(~) for t,s>O and S(O)=C, 
(A.2) S( .)x: [0, co) -+X is continuous for XE X. 
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If a C-semigroup {S(t); t > 0} satisfies the condition 
(A.3) there are Ma0 and a~Rr(-co, co) such that 
IlS(t)ll <Me”’ for t>O, 
then it is called an exponentially bounded C-semigroup. 
Remark. In [2), it is shown that there exists a C-semigroup which is 
not exponentially bounded. 
The generator A of a C-semigroup {S(t); t > O> is defined by 
I 
D(A)= {xEX: lim (S(t)x-Cx)/tER(C)} 
t-o+ 
&EC-‘. lim (S(t)x- Cx)/t for XED(A). 
t-o+ 
It is shown in [ 31 that the generator A of a C-semigroup {S(t); t 2 0) has 
the following properties: 
S(t)x - Cx = j”’ S(s) Ax ds for XED(A) and t>O. (1.1) 
0 
S(t)xED(A) and AS(t)x=S(t)Ax for LED and t>O. (1.2) 
If {S(t); t >O} satisfies the condition (A.3) then we have 
(A-A)L,x=Cx for XEX and 1>a, 
L,(I1-A)x=Cx for XED(A) and il>a, 
(1.3) 
where LA E B(X) is defined by L,x = fr e-“‘S(t) x dt for x E X and A > a. 
An important property of the generator of a C-semigroup is provided by 
PROPOSITION 1.1. Let A be the generator of a C-semigroup {S(t); t 2 0). 
Then we have 
C’AC= A. 
Proof: The relation A c C-‘AC immediately follows from (1.2) with 
t =O. To show the converse relation, let XED(C-‘AC), that is, CXED(A) 
and ACx E R(C). Then, by (1.1) we have 
C(S(t)x-cx)=S(t)Cx-C2x 
= j’ S(s) ACx ds = C f S(s) C- ‘ACx ds for t20, 
0 0 
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from which it follows that 
(S(t)x - Cx)/t = (l/t) j’ S(s) C-‘ACx ds for t>O. 
0 
Since the right-hand side tends to ACx E R(C) as t + O+, it follows from 
the definition of the generator that x E D(A) and Ax = C-‘ACx. Q.E.D. 
THEOREM 1.2. Let A be the generator of a C-semigroup (S(t); t >O} 
and let ,I E R be such that 1-A is injective. If XE X satisfies 
so” ec”’ IlS(t)xll dt< 00, then u(t;y)r C-‘S(t)y is a unique solution to 
(ACP; A, y), where y = (2. -A)-* Cx. 
Proof: It is easy to see that 
s 
m 
e-““S(s)xdsED(A) 
0 
and (I.-A)~o~e-iSS(~)xds=Cx, 
and hence (A -A)-’ Cx = j? e-““S(s) x ds. Using this equality we obtain 
S(t)y = Ce”’ j,m e-““S(s) x ds for t30, 
where y = (A - A) - ’ Cx. This equality enables us to define u( t; y) by 
u(t; y) E C-‘S(t)y = e” srn e-‘“S(s) x ds for t>O. 
I 
Then, it is easily seen that u( e; y) E C’( [0, co); X) and ~(0; y) =y. By a 
change of variables we find that 
h-‘(S(h)- C) u(t;y) 
+-I e%r me-%s 
( 1 , 
CS(s + h) x ds - Ce” [m e-““S(s) x ds 
, > 
=C(h-‘(u(t+h;y)-z&y))) for t30, 
and as h + 0 + the right-hand side tends to C((d/dt) u(t; y)). Therefore, it 
follows from the definition of the generator that u(t; y) is a solution to 
(A-; A, Y). 
To show the uniqueness of the solutions, let v(t; y) be a solution to 
(ACP; A, y) and s > 0 be arbitrarily given. Then, by (1.1) we have 
(d/dt)S(s-t)v(t;y)=S(s-t)((d/dt)v(t;y)-Av(t;y)}=O 
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for 0 < t d s. Integrating this equality from 0 to s we deduce that Cv(s; y) = 
S(s) ~(0; y) = S(s)y, which proves that v(s; y) = C’S(s)y = u(s; y) for 
s 2 0, since C is injective. Q.E.D. 
COROLLARY 1.3. Let A be the generator of an exponentially bounded 
C-semigroup { S( t ); t 2 0 ) with IlS(t)[l ,< Me”’ and let R > a. Then for every 
yc (A-A)-’ C(X) (= L>(X) by (1.3)), u(t;y) E C-‘S(t)y is a unique 
solution to (ACP; A, y) satisfying 
II u(t; y)ll d “!.f”i a) ear IlL;‘yll for t 20. 
(1.4) 
Proof. Since A -A is injective and D((A - A)-‘) 2 R(C) (by (1.3)), the 
first part of the corollary is a direct consequence of Theorem 1.2. The 
estimate (1.4) follows from 
cc 
u( t; y) = e” s epi”S(s) x ds I 
and 
(d/dt) u(t; y) = Ile”’ sm e-‘“S(s) x ds- S(t)x, 
f 
wherey=(A-A)-‘Cx=L,x. Q.E.D. 
PROPOSITION 1.4. Let i E !R and let A be a closed linear operator 
satisfying the conditions 
(a) 2 -A is injective, 
(b) W@-A)-‘)~R(C), 
(c) for XED(A), CXED(A) and ACx= CAx. 
Then we have 
(i) C(D(A)) c C(D(C-‘AC)) c (I-A)-’ C(X), 
(ii) C(D(A))=(I-A)-’ C(X) ifand only ifn~p(A), 
(iii) C-‘AC= A ifp(A) # 0. 
ProoJ The condition (c) implies the inclusion relation D(A) c 
D(C-‘AC). Let XE C(D(C-‘AC)) and x= Cy for some y ED(C-‘AC). 
Then, since (2 - A)x = C(Ay - C’ACy) we have x E (3, -A)-’ C(X). 
Consequently, combining these facts we obtain the desired relation (i). We 
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next prove that (ii) holds. From the condition (c) and the injectivity of C 
we deduce that R(il- A) = X if and only if (A - A) CD(A) = C(X). This fact 
together with the closed graph theorem shows the assertion (ii). Finally, if 
AEP(A) then we have by (i) and (ii) the relation D(A)=D(C-‘AC). The 
assertion (iii) is obtained by combining this fact with the inclusion relation 
A c C-‘AC (by the condition (c)). Q.E.D. 
Remark. Let A be the generator of an exponentially bounded C-semi- 
group {S(r); t > 0} with IIS( < Me”‘. Then, A and J with 1> a satisfy the 
conditions (ak(c) in Proposition 1.4, and hence C(D(A)) c (l-A)-’ C(X) 
for every 2 > a. There exists an exponentially bounded C-semigroup whose 
generator has empty resolvent set, even if R(C) is dense in X. (See 
[2, Sect. 71. Note that the operator Z in [2, Sect. 71 satisfies Z= C’ZC, 
and so by [7, Theorem 21 it is the generator of an exponentially bounded 
C-semigroup.) By Proposition 1.4, we see that C(D(A)) s (J.-A)-’ C(X) 
for every A > a if A is the generator of an exponentially bounded C-semi- 
group {S(t); t >, 0) with IlS(t)ll 6 Me”’ and p(A) = 0. Thus, Corollary 1.3 
improves [ 13, Corollary 1.31. 
2. THE ABSTRACT CAUCHY PROBLEM 
The major goal in this section is to give a characterization of the 
generator of a C-semigroup that may not be exponentially bounded, where 
R(C) may not be dense in X, in terms of the ACP. 
The main result in this section is stated as follows: 
THEOREM 2.1. Let A be a closed linear operator satisfying 
(a) for some ,I E IF!, A- A is injectiue and D((n-- A)-‘) 3 R(C), 
(b) for x E D(A), Cx E D(A) and CAx = ACx, 
(c) for every initial value XE (,I- A)-’ C(X), the (ACP; A, x) has a 
unique solution. 
Then there exists a C-semigroup {S(t); t 20) on X and C-‘AC is the 
generator of {S(t); t 20). 
Proof. We denote a unique solution to (ACP; A, x) by u(t; x) and 
define the operator S(t): X + X for t >, 0 by 
S(t)x=(13-A)u(t;(A-A)-‘Cx) for XEX. (2.1) 
Then S( .)x: [0, cc) + X is continuous for x E X. Now, the uniqueness 
of the solutions implies that S(t) is linear and S(t + s) C = S(t) S(s) for 
t, s > 0 and S(0) = C. In fact, we first note that u(t; Cu(s; (A- A)-’ Cx)) is 
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well defined because Cu(s; (2 -A))’ Cx) E C(D(A)) c (2 - A)-’ C(X) by 
Proposition 1.4(i). Putting 
v(t) = 
Cu(t; (A- A)-’ Cx) for Odt6s 
u(t-ss; Cu(s; (n-A)-’ Cx)) for sdt-cco, 
we see that v(t) is a solution to (ACP; A, (2-A))’ C’x). From the 
uniqueness of the solutions, we deduce that u(t; (A* - A) - ’ C2x) = v(t) = 
u(t--s; Cu(s; (A-A)-‘Cx)) = u(t--s; (n-A)-‘C(A-A) u(s; (A-A)-TX)) 
for s < t < cc. This proves that S(t + S) Cx = S(t) S(s)x for x E X and 
t, s > 0. 
We now denote by [D(A)] the Banach space D(A) with the graph norm 
1x1 A- JJxI( + /Ax/l for x E D(A). Let /I > 0 be arbitrarily given and let X0 be 
the Banach space of continuous functions from [0, /I] into [D(A)] with 
the usual supremum norm. We consider the linear operator T: X+ X@ 
defined by 
(Tx)(t)=u(t;(;1-A)-‘Cx)=(1-A)~-‘S(t)x for Ogt</?. 
Then the operator T is bounded. Indeed, by the closed graph theorem it 
suffices to show that T is closed. To this end, let (x,} be a sequence such 
that x, +x in X and TX, + v in X, as n + co. Then, from the equality 
u(t;(I-A)-‘Cx,)=(L-A)-’ CX,+~~AU(~;(I-A)-‘CX,)~~ 
0 
it follows that as n + co 
v(t)=(J-A)-‘Cx+J;Av(r)dr for O<t</l (2.2) 
We consider the function v”(t) defined by 
o”(t) = 
i 
Cv(t) for O<t</l 
u(t- B; Cvuv) for B<t<co. 
Then we see by (2.2) that v”(t) is a solution to (ACP; A, (2-A))’ C*x). 
Therefore, from the uniqueness of the solutions it follows that for 0 d t d 8, 
Co(t)=u”(t)=u(t; (J-A)-’ C*x)=Cu(t; (A-A)-‘Cx), 
and so T is closed, since C is injective. 
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Since T is bounded, that is, there exists an M, > 0 such that 
sup I(Tx)(t)lA GM, II-d for XEX, 
O<f<B 
we see that for O<t<fl and XEX, 
W(fb4 = lItA-ANTxNt)ll <(I4 + 1) I(T G(lnl + l)M, Ilxll. 
Consequently, {S(t); t > 0} is a C-semigroup on X. 
Finally we show that C- ‘AC is the generator of {s(t); t > O}. We note 
that for XED(C-‘AC) and 130, 
(1 -A) u(t; (1 -A)-’ Cx) = u(t; Cx). (2.3) 
In fact, if XED(C-‘AC) then CXE (1-A))’ C(X) by Proposition 1.4(i), 
and so u(t; Cx) is well defined and 
(d/dt)(Au(t; (l-A)-’ Cx)-u(t; Cx)) 
=A(lu(t; (A-A)-’ Cx)-u(t; Cx)) for x E D(C’AC). 
Integrating this from 0 to t we find that 
nu(t;(n-A)-‘Cx)-u(t;Cx)=Az(t), 
where z(t)=(l--A)-lCx+~~(ilu(s;(~-A)-‘Cx)-u(s;Cx))ds for XE 
D(C-‘AC) and t >O. Since it is easy to see that z(t) is a solution to 
(ACP; A, (A -A)-’ Cx), it follows by the uniqueness of the solutions 
that z(t) = u(t; (1 -A)-’ Cx). Therefore, we have Au(t; (A - A)-’ Cx) = 
lu(t; (1-A))’ Cx)-u(t; Cx) for XED(C-‘AC) and t>O, which proves 
(2.3). 
Let B be the generator of {S(t); t > 0 > and let x E D(B). By (2.1) we have 
s(‘)xl-cx,(]b-A) U(t;(IZ-A)-lCx)-u(O;(l-A)-lCx) 
t 
Since 
S(t)x- cx --, cBx 
t 
and 
u(t; (A-A)-’ Cx)-u(0; (A-A)-’ Cx) 
t 
+Au(O; (A-A)-’ Cx) 
=I@-A)-‘ Cx-Cx as t+O+, 
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it follows from the closedness of A that CXE D(A) and ACX = K’x- 
(,I - A) Cx = CBXE R(C). This shows that Bc C’AC. To prove the 
converse relation, let XED(C’AC), that is, CXED(A) and ACXE R(C). 
Then it follows from (2.3) that 
S(t)x-cx u(t; Cx)-u(0; Cx) = 
t t 
3 
and as t + 0 + the right-hand side tends to Au(0; Cx) = ACx E R(C). This 
shows that XE D(B) and Bx = C-‘A&, and so C’AC is the generator of 
{S(t); eO}. Q.E.D. 
COROLLARY 2.2. Let A be a closed linear operator with nonempty resol- 
vent set. Then the following are equivalent: 
(i) A is the generator of a C-semigroup. 
(ii) A satisfies the conditions 
(a) for every x E D(A), Cx E D(A) and ACx = CAx, 
(b) the (ACP; A, x) has a unique solution for every initial value 
x E C( D( A)). 
Proof The implication “(i) =S (ii)” is a direct consequence of 
13, Theorem 4.21. We show the converse. Since C(D(A)) = (A-A))’ C(X) 
for 1 E p(A) by Proposition 1.4(ii), it follows from Theorem 2.1 and 
Proposition 1.4(iii) that A is the generator of a C-semigroup. Q.E.D. 
Remark. Taking the identity operator Z on X as the operator C in 
Corollary 2.2, we obtain the Arendt theorem that a closed linear operator 
A is the infinitesimal generator of a semigroup of class (C,) if and only if 
p(A) # 0 and the ACP for A has a unique solution for every x E D(A), 
since every I-semigroup is a semigroup of class (C,). 
A characterization of exponentially bounded C-semigroups in terms of 
the ACP is given by 
THEOREM 2.3. Let A be a closed linear operator in X. Then the following 
are equivalent : 
(i) A is the generator of an exponentially bounded C-semigroup 
(S(t); t>O) with IlS(t)ll <Me”‘for t>O. 
(ii) A satisfies the conditions 
(a) forsomeIIEIW, 1-A isinjectiveandD((A-A)-‘)IR(C), 
(b) C-‘AC= A, 
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(c) for every initial oalue XE (1 -A)-’ C(X), the (ACP; A, x) has 
a unique solution u(t; x) such that l/24( t; x)1\ and Il(d/dt) u(t; x)11 are O(eO’) us 
t-+co. 
Proof: The implication “(i) 3 (ii)” follows from Corollary 1.3 and 
Proposition 1.1. In order to show the converse, by Theorem 2.1 it suffices 
to show that {S(t); t 2 0} defined by (2.1) is exponentially bounded. 
From the condition (c) we deduce that Ilee”‘S(t)xll is bounded for 
x E X as t + co. Thus, the uniform boundedness principle asserts that 
suplao lle~“‘~(~)ll < 00. Q.E.D. 
COROLLARY 2.4. Let A be a closed linear operator with nonempty 
resolvent set. Then the following are equivalent: 
(i) A is the generator of an exponentially bounded C-semigroup 
{S(t); t 2 0} with llS(t)ll < Me”’ for t 2 0. 
(ii) A satisfies the conditions 
(a) for XED(A), CXED(A) and ACx=CAx, 
(b) for every initial value XE C(L)(A)), the (ACP; A, x) has a 
unique solution u(t; x) such that (lu(t; x)ll and II (d/dt) u( t; x)ll are O(e”‘) us 
t-co. 
Remark. This corollary improves [3, Theorem 4.4 and Corollary 4.61. 
Applying this corollary and [ 12, 31 to n-times integrated semigroups, we 
may prove 
THEOREM 2.5. Let A be a closed linear operator in X and let n > 0 be an 
integer. Then the following are equivalent: 
(i) A is the generator of an n-times integrated semigroup {U(t); t > 0} 
with I\ U(t)\1 < Ke”’ for t 2 0. 
(ii) p(A) # $3 and for every XED(A”+‘), the (ACP; A, x) has a 
unique solution u(t; x) such that Ilu(t; x)ll and II(d/dt) u(t; x)/l ure O(eaf) us 
t-al. 
Proof As is seen from the proof of [12, Theorem l(ii)*(i); 3, 
Theorem 2.4(a)*(b)], the condition (i) above is equivalent to the 
condition that A is the generator of an exponentially bounded C-semigroup 
{S(t); t 2 0} with C = R(c; A)” for c E p(A). By this fact, Theorem 2.5 is a 
direct consequence of Corollary 2.4. Q.E.D. 
Remark. This theorem improves [4, Theorem 2.4(a) =S (c)l. 
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